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A Comparison of Dynamic and Static
Economic Models of Uneven-Aged
Stand Management

RoOBERT G. HAIGHT

ABsTRACT. Numerical techniques have been used to compute the discrete-time sequence of
residual diameter distributions that maximize the present net worth (PN'W) of harvestable volume
from an uneven-aged stand. Results contradicted optimal steady-state diameter distributions
determined with static analysis. In this paper, optimality conditions for solutions to dynamic and
static harvesting problems are established. Comparison of these conditions shows that for a stand
with any diameter distribution: (1) the optimal transition regime does not converge to the steady
state that maximizes land expectation value (LEV) using the Faustmann equation; (2) the PNW
of the optimal transition and steady-state regime is greater than the PNW of the statically deter-
mined steady-state regime; and (3) the optimal steady-state regime is invariant. A refined version
of a recently published dynamic optimization algorithm is provided and demonstrated with a
whole-stand/diameter-class simulator for hardwood stands in Wisconsin. Optimal management
regimes are computed for comparison with a static equilibrium management regime and for
analysis of the effect of cutting-cycle length on harvest pattern and PNW. Forest Sci. 31:957-
974.

ADDITIONAL KEY WORDS. Forest economics, optimal harvesting, nonlinear programming, gra-
dient method.

HARVESTING DECISIONS for an uneven-aged stand are dynamic because stand struc-
ture changes over time as a result of tree removals. Dynamic optimization has
not been used to determine harvest schedules because of the large number of
decision variables involved. Instead, studies in uneven-aged management have
concentrated on the smaller problem of determining optimal equilibrium man-
agement regimes.

Equilibrium management regimes have been developed with static optimiza-
tion, which maximizes the present value of equilibrium harvests minus the value
of residual growing stock. Adams (1976) developed investment-efficient diameter
distributions for a fixed cutting cycle. Buongiorno and Michie (1980) and Martin
(1982) extended the analysis to consider alternative cutting cycles. Chang (1981)
and Hall (1983) derived marginal production rules for optimal equilibrium grow-
ing-stock levels and cutting-cycle lengths. Chang (1981) demonstrated a method
for solving these equations.

Solutions obtained with static analysis have been used to develop transition
strategies and to evaluate alternative management systems. Adams and Ek (1974)
demonstrated a method for determining optimal transition regimes that converge

The author is S. V. Ciriacy-Wantrup Fellow, Department of Agricultural and Resource Economics,
207 Giannini Hall, University of California, Berkeley, CA 94720. Research was conducted while the
author was a Graduate Research Asistant, Department of Forest Management, College of Forestry,
Oregon State University, Corvallis, OR 97331. Paper 2022 of the Forest Research Laboratory. The
author acknowledges the contribution of J. D. Brodie who suggested the method for determining
regimes with various cutting cycles. Manuscript received 29 October 1984.

VoLUME 31, NUMBER 4, 1985 /957



to steady-state diameter distributions in three periods or less. Chang (1981) and
Hall (1983) showed that the objective function for determining the optimal equi-
librium growing-stock level and cutting cycle is equivalent to maximizing land
expectation value (LEV) with the Faustmann (1849) equation. Chang (1981) then
used LEV as a measure for comparing the profitability of uneven-aged and even-
aged management. Martin (1982) measured the profitability of uneven-aged man-
agement on different sites with LEV.

In a departure from static analysis, Haight and others (1985) used dynamic
optimization to determine the optimal sequence of diameter distributions and
selection harvests for an existing stand. They reported a 150-year management
regime for a stand with a pre-harvest investment-efficient diameter distribution.
This regime exhibited a pulselike transition away from the steady-state diameter
distribution and had a higher present net worth (PNW) than the equilibrium
management regime. These results called into question the use of static analysis
for developing optimal steady-state stand structures and the use of LEV for eval-
uating the profitability of uneven-aged management.

In the first three parts of this paper, I resolve the dynamic and static optimization
problems for the diameter distribution model of uneven-aged management. In
parts 1 and 2, I formulate the problems and derive marginal production rules that
are satisfied by optimal solutions. In part 3, I compare the marginal production
rules and steady-state solutions to each problem and discuss how solutions to
each problem should be used.

In part 4, I use the solution procedure given by Haight and others (1985) to
develop an algorithm that provides stable solutions for transition and equilibrium
management regimes. In the next two parts, I demonstrate the algorithm by
computing optimal management regimes for comparison with a statically deter-
mined equilibrium regime and for analysis of the effect of increasing the cutting-
cycle length. Part 7 provides a summary and discussion.

PROBLEM 1: DYNAMIC OPTIMIZATION

Consider the problem of determining the optimal sequence of selection harvests
for an uneven-aged stand:

o M
(X, — S,)P,
M. NW = i [l .
Yeax P Z{ Z‘ a+ry (1.1)
subject to, forall i=0,...,and forj=1,..., M,
Xi+1j = Sij +ft:j(Si1, coos Sian) (1.2)
S;=z0 (1.3)
X, —S;=0 (1.4)
Xo; (1.5)
where
X, = a state variable representing the number of trees per acre in diameter

class j at the beginning of period i before cutting

S, = a control variable representing the number of trees per acre in diameter
class j at the beginning of period i after cutting

P, = the net price per tree in diameter class j

f; = acontinuous nonlinear function with continuous partial derivatives rep-
resenting the change in number of trees per acre in diameter class j during
period i

M = the number of diameter classes
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the discount rate
the number of years in a time period.

r
t

The objective function, equation (1.1), is formulated to seek the set {S;} rep-
resenting the residual number of trees in each diameter class and time period that
maximizes the PNW of harvests over an infinite planning horizon. This formu-
lation is equivalent to the PNW maximization problem presented and numerically
solved by Haight and others (1985), in which the control variable set represented
the percentage of the number of trees in each diameter class that were cut at the
beginning of each time period. I use residual numbers of trees as control variables
in the formulation for the dynamic problem presented here to facilitate compar-
ison with the static optimization problem.

The motion equation set (1.2) represents the diameter-class growth dynamics.
The change in number of trees per acre f;; is the sum of functions for ingrowth
from smaller diameter classes, upgrowth into larger diameter classes, and mor-
tality. Each of these components is a continuous and differentiable nonlinear
function of the residual diameter distribution S,,, ..., S;,. Uneven-aged stand
simulators with this structure have been developed for Wisconsin hardwood stands
(Adams and Ek 1974) and for Arizona ponderosa pine stands (Hann 1980).

Equation sets (1.3) and (1.4) require that the residual numbers of trees and
harvest levels be non-negative. The initial stand structure is given by equation
set (1.5).

Knapp (1983) derived Kuhn-Tucker conditions that are satisfied by optimal
transition and steady-state solutions to a general dynamic optimization problem.
I apply his analysis to the dynamic uneven-aged management problem given by
equation sets (1.1) to (1.5) to obtain marginal production rules that are satisfied
by optimal transition and steady-state management regimes.

Kuhn-Tucker Conditions. —1 define an optimal value function T*(X;,, . . ., Xia)
as the discounted value of the optimal sequence of selection harvests in periods

i to oo when starting period / in state X, . . ., X, Using the principle of opti-
mality (Dreyfus and Law 1977, p. 101), T;* satisfies the functional equation:
(Xy — Sy)P;
* Xty o oo Xap) =
TH(Xa, )=  Max [E e

+ Ti+l*(Sil + ft:l’ sty SiM + ft‘M)] (1'6)

subject to
S;zZ0 and X;—§5;=0 j=1..., M.
For S;,*, ..., Si/™ to solve the constrained maximization problem (1.6), I can
define Lagrange multipliers u;*, ..., u;,™ and v, *, ..., v,/* that satisfy the

following Kuhn-Tucker conditions:

—P, Tt 5 9T* 3

1+ n" 0X;, 10X, 08y
+u*—v*=0 i=1,..., (1.7a)

M
u*S*=0 and v*X,;— S*=0 j=1...,M (1L.7b)

S*=0 and X;-S*=0 j=1,...,M (17¢c)
=0 and v*=0 J=1..., M (1.7d)

U

The dependence of the optimal control variable values S;,*, ..., S;* on the
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values of the state variables X}, . . . , Xj»,is recognized with the following equation
set:
oT* P,
=t > i=1,...,M. 1.7¢
a X’j (1 + r)u g J ( )
The optimal value function 7;* and conditions (1.7a)-(1.7¢) are defined for
each time period i =0, . . ., c0. An optimal management regime must satisfy this
complete set of interperiodic conditions.

Marginal Production Rules.—To more easily derive and interpret the marginal
production rules, I first define functional relationships for the Lagrange multipliers
u;* and v;*. Examination of equation sets (1.7a), (1.7b), and (1.7c) yields the
following conditions for the Lagrange multipliers:

0 for S*>0 .
X’ — L =
“i { -9T*/9S,; for S,;* =0 j=be-. M (1.8)
0 for X, —S*>0 ,
* — i I —
Vi {6E*/65U for X,J -S§*=0 j=L....M (1.8b)

Each Lagrange multiplier is a shadow price, which measures the change in the
value of the objective function corresponding to a small change in the constraint.
When S;* = 0, the multiplier u;* is the increase in benefits that would result from
having one less unit of growing stock in diameter class j in period i. Similarly,
when X; — §;* = 0, the multiplier v;* is the increase in benefits due to an increase
in the residual number of trees in diameter class j period i. When a constraint is
nonbinding in the optimal solution, the corresponding shadow price is zero.

Equation (1.7e) gives the value of an additional tree in diameter class j at the
beginning of period i, 47;*/X,;. When X,; — S,* > 0, the marginal tree is cut
with value P/(1 + r)*. When X; — S;* = 0, the marginal value includes the
shadow price for an additional unit of growing stock in diameter class j at the
beginning of period .

With these definitions, condition (1.7a) can be rearranged to obtain marginal
production rules that are defined over the set of diameter classes in period i:

})j * - Pk afz‘k
- .. i + i'* = D E— + i * =
A+ W TV E, (1 + e TV g

+(1+—r’)(i+l)t+v,-+1j* J= 1,...,M. (19)

The left-hand side of equation (1.9) represents the opportunity cost of leaving
an additional tree in diameter class j. When 0 < S,* < X, the marginal input
cost equals the discounted tree price. When S;* — X; = 0, the marginal cost
equals the sum of the discounted tree price and the shadow price (discounted) of
an additional tree. When S;* = 0, the marginal cost equals the discounted sum
of the tree price and a price reduction due to an additional tree. The price reduction
means that we would prefer to harvest more trees to improve the objective function
value.

The right-hand side of equation (1.9) gives the marginal revenue product of
leaving an additional tree in diameter class j. This equals the discounted value
growth resulting from the additional tree summed over all diameter classes plus
the discounted value of the tree. The value of the growth in period i + 1 is the
tree price if X 1x — Sivix® > 0. If X — Six® = 0, the value of the marginal
growth includes v, .*, the shadow price for an additional tree in diameter class k.
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The rule for resource production states that the residual number of trees in
diameter class j period / is increased until the marginal input cost of one more
tree equals the marginal revenue product associated with leaving the tree. An
optimal management regime for an existing stand has satisfied this rule simul-
taneously over all diameter classes and periods in the planning horizon. The
marginal production rules and definitions of the shadow prices are summarized
in the Appendix.

PROBLEM 2: STATIC OPTIMIZATION

To derive the static optimization problem, I modify the original dynamic for-
mulation given by equations (1.1) to (1.5) by including an equilibrium constraint:

(Xy — Sy)P,
M P =4 v J .

fax NW = _201_21 1+ ) (2.1)

subject to, forall i=0,...,and forj=1,..., M,
l+11 Su +fl:l(Sll) ] SiM) (2.2)
S; =0 (2.3)
X, —8;=0 (24
Xo, 2.5)

and

Xyy=X;foralli=1,...,00 and j=1,..., M. (2.6)

Constraint (2.6) requires that an equilibrium harvest regime be achieved after
one harvest from an existing stand. Using this constraint, I can rearrange the
objective function (2.1) to obtain
M
X, — Sy))P;
Max PNW = E (Xo; — So)P; + 2, M
{Soj} = ad+ry—-1

Substituting the growth dynamics (2.2) into (2.7) results in the static optimi-
zation problem:

2.7

1}%( PNW = 121 (Xo; — Sop)P; + kEIﬁ”(f‘l’"; r )‘t’_S";”)Pf (2.8)
subject to, forj=1,..., M,
So(1 + /[l +ry¥—1]1=0 2.9)
Joi(So1s - - - Soal(1 + 1) — 1120 (2.10)
Xoj — Sp; =0 (2.11)
Xoje (2.12)
The objective function (2.8) seeks a steady-state diameter distribution S,,, . . .,

Soar that maximizes the value of the initial harvest plus the present value of
equilibrium harvests in perpetuity. This is equivalent to the objective function
for forest value given by Chang (1981), except that we consider diameter-class
growth dynamics.

In contrast to Chang’s (1981) formulation, three sets of constraints are needed
to determine the optimal steady-state management regime. Constraint set (2.9)
requires a non-negative residual stocking level and constraint sets (2.10) and (2.11)
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require non-negative harvest levels. Constraint sets (2.9) and (2.10) are multiplied
by the constants (1 + r)/[(1 + ry — 1] and 1/[(1 + r)* — 1] to simplify the
derivation and interpretation of marginal production rules. The initial diameter
distribution is given in equation set (2.12).

When the initial harvest constraints (equation set (2.11)) are not binding and
the value of the initial stand structure is ignored, the problem is equivalent to
maximizing LEV. Solutions are investment-efficient diameter distributions that
have been developed by Adams (1976), Buongiorno and Michie (1980), and
Martin (1982).

Kuhn-Tucker Conditions.—For S,,*, ..., Sou™ to solve the constrained maxi-
mization problem (2.8) to (2.12), I can define Lagrange multipliers a,*, . . ., d,*,
b.*,...,by* and c/¥,.. ., c,*that satisfy the following Kuhn-Tucker conditions:

P+ E (P + 0¥ 8o , a1+ 1)

ok —
QA+t —1a8, Q+m-1 9709

Jj=1...,M (2.13a3)

aj*Soj* = 0, bj*fé_l = 0, and cj*(XOj - SOj*) =0 _] = l, e e ey M (2.13b)
SOj* = 0, fE)j = 0, and XOj - SOj* =0 _] = 1, .. ,M (2.13C)

*>0, b*=0, and ¢*=0 j=1,..., M (2.13d)

Marginal Production Rules. — The Lagrange multipliers a*, b,*, and ¢;* are shadow
prices, which measure the change in value of the objective function corresponding
to a change in the associated constraint. When Sy* = 0, a*(1 + r)y/[(1 + ry —
1]is the increase in PN'W resulting from a decrease in residual stocking in diameter
class j. When f,; = 0, b*/[(1 + r)* — 1] is the increase in PNW due to an increase
in the number of trees in diameter class j in the equilibrium stand structure.
Finally, when X,; — S,; = 0, ¢;* is the increase in PNW due to an increase in
residual stocking in diameter class j. The shadow prices ¢* and b* must be
multiplied by the scaling factors used in constraints (2.9) and (2.10) to obtain
these definitions. Whenever a constraint is nonbinding in the optimal solution,
the corresponding shadow price is zero.

Rearranging (2.13a) gives the marginal production rules for an optimal equi-
librium diameter distribution:

M
(P + b*) dfor P c*
o grt+ o=k %) i J
F-atg ?;1 (L +7y 35, A+ A+

j=1,...,M (219

The marginal input cost of leaving an additional tree in diameter class j is the
tree price. Marginal input cost is reduced by a;* if So;* = 0 and is increased by
¢;* if Xo; — So* = 0. Marginal revenue product equals the discounted value growth
that results from the additional tree in diameter class j plus the discounted value
of the tree. Prices of the growing stock are increased or reduced according to
whether the growing stock and harvest constraints are binding.

The marginal production rule stated by equation set (2.14) is to increase the
number of trees in diameter class j until the marginal input cost of one more tree
equals the marginal revenue product associated with leaving the tree. An optimal
steady-state diameter distribution satisfies this rule simuitaneously over all di-
ameter classes. Production rules and shadow price definitions are summarized
in the Appendix.
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PROBLEM COMPARISON

Both the dynamic and static optimization problems seek to maximize PNW, but
the static problem includes an equilibrium harvest constraint. For any initial
stand, problem 1 seeks the optimal sequence of diameter distributions and selec-
tion harvests over an extended planning horizon, while problem 2 seeks the
optimal equilibrium diameter distribution that can be established with one harvest
from the stand. Although problems 1 and 2 have different constraint sets, the set
of feasible solutions to problem 2 is a subset of the feasible solutions to problem 1.

Because the problems have different constraint sets, they have differences in
marginal production rules. Problem 1 defines interperiodic production rules for
both transition and equilibrium management regimes, while problem 2 defines
production rules for equilibrium management regimes only. Thus, we can only
compare production rules for steady-state stand structures. The conditions for the
equilibrium stand structures are given in the Appendix. I make two comparisons.
The first comparison is made with the assumption that the initial diameter dis-
tribution is arbitrarily large. In the second comparison this assumption is dropped.

Comparison 1.—Will an investment-efficient diameter distribution satisfy the
marginal production rules for a dynamic equilibrium stand structure? An in-
vestment-efficient diameter distribution is found by solving problem 2 with an
arbitrarily large initial stand structure. Thus, ¢* =0 forj=1, ..., M. In this
case, the marginal input cost and marginal revenue product of the conditions for
the static equilibrium do not contain Lagrange multipliers for binding non-neg-
ative harvest constraints. As a result, whenever an equilibrium harvest regime
found by solving the static optimization problem contains no harvest in diameter
class &, so that 5.* = 0, the management regime will not satisfy the conditions for
a dynamic equilibrium. The converse of this is also true.

Suppose an investment-efficient diameter distribution contains positive harvest
levels in all diameter classes so that b* = 0 for k=1, ..., M, and all trees
growing into the largest diameter classes are cut so that a,/* > 0. In this case, the
rules for static and dynamic equilibrium production are equivalent. The converse
of this is also true.

How often will investment-efficient diameter distributions contain positive har-
vests in all diameter classes? Getz (1980) investigated the structure of maximum
sustained-yield harvest policies for age-structured populations with linear growth
dynamics and arbitrary stock-recruitment functions. He showed that, at most,
two age classes are harvested, the younger partially and the older completely. The
remaining age classes that contain individuals are not harvested. The structure
of the Adams and Ek (1974) simulator is similar to the age-class population model
analyzed by Getz (1980), except that movement of trees to the next larger diameter
class is predicted with a nonlinear function. Nevertheless, the dynamic equilibria
obtained by numerically solving problem 1 with the Adams and Ek (1974) sim-
ulator exhibit bimodal harvest policies. If optimal equilibrium harvest policies
for diameter-class simulators with nonlinear growth dynamics are always bimodal,
dynamic and static equilibrium regimes will be equivalent only when the residual
diameter distributions contain trees in the smallest diameter class.

These results restrict the use of statically determined steady-state diameter
distributions. Adams (1976), Buongiorno and Michie (1980), and Martin (1982)
solve problem 2 with an assumption that the first-period harvest constraints are
not binding. They call their solutions investment-efficient diameter distributions;
these are used as goals in transition management. Because investment-efficient
diameter distributions do not satisfy marginal production rules for dynamic equi-
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librium stand structures, they should not be used as goals for long-term manage-
ment. They should be used only when the objective is to convert the stand to an
equilibrium structure in one harvest.

Chang (1981) used static analysis to determine the optimal steady-state growing
stock and cutting cycle without considering diameter-class growth dynamics. The
management objective was to maximize forest value, which he defined as the
PNW of harvests when converting an existing stand to an equilibrium growing-
stock level in one cut. This objective is equivalent to maximizing LEV with the
Faustmann equation where the opportunity cost on the residual growing stock
represents the regeneration costs of the stand. As a result, Chang (1981) concluded
that the forest value model is the only correct method of determining equilibrium
growing stock and cutting cycle.

The static optimization problem that I present is equivalent to Chang’s (1981)

forest value model, except that it seeks the optimal equilibrium stand structure
and includes constraints on the diameter-class growth dynamics and bounds on
the residual diameter distribution. Investment-efficient diameter distributions that
solve problem 2 can also be viewed as maximizing LEV with the Faustmann
equation. However, investment-efficient management regimes do not maximize
the present value of returns to the initial growing stock. Thus, maximizing LEV
with the Faustmann equation is not the correct criterion for determining optimal
steady-state stand structures.
" Why does the dynamically determined harvest regime converge to a steady
state that does not maximize LEV? An intuitive explanation can be made by
viewing an optimal management regime as having transition and equilibrium
phases. Since the equilibrium phase takes place later in the planning horizon, its
value is discounted more than the value of the transition phase. As a result, it
is possible to convert a stand to an equilibrium phase that has less than maximum
LEV with a transition regime. The value of the transition regime would more
than offset the discounted losses during the equilibrium phase.

Comparison 2.—Here I make no assumptions about the form of the initial stand
structure. Does the initial stand structure affect the form of the equilibrium found
by solving problems 1 or 2? The rules for dynamic equilibrium production do
not contain any conditions regarding the initial stand structure. Thus, under the
assumption that the stumpage price function and interest rate are constant over
time, optimal transition strategies for different stands will converge to the same
equilibrium.

In contrast, the equilibrium found by solving the static optimization problem
does depend on the initial stand structure, since the objective is to maximize
PNW of harvests when converting to an equilibrium structure in one cut.

For a given stumpage value function and interest rate, is there an initial stand
structure that results in the same equilibrium solution to both problems 1 and 2?
Suppose the initial stand has the pre-harvest dynamic equilibrium structure.
Equating the Lagrange multipliers for the rules of static and dynamic production
shows that the optimal solution to problem 2 is the dynamic equilibrium harvest
regime. For any other initial stand structure, the management regime found by
solving problem 2 will not be the same as the optimal transition and equilibrium
regime found by solving problem 1.

This result changes the method for measuring the profitability of uneven-aged
management. Both dynamic and static optimization problems can be used to
develop management regimes for an existing stand. The steady-state regime found
by solving problem 2 will not, except in special cases, be the optimal solution to
problem 1. Therefore, the optimal transition and steady-state management regime
will have a PN'W greater than the PNW of the optimal steady-state management
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TABLE 1. Initial diameter distributions and stumpage values for a northern
hardwood stand (site index 60).

. Initial diameter distribution
Diameter class

midpoint (inches) Regime 1 Regime 2 Stumpage value

--------------------------------- TTEES/ACTE wrverversirrrrerrsoron 8/ 8/tree

6 69.9 15.0 0.01 0.04

8 49.3 11.5 .01 .10

10 37.5 8.5 .01 .18

12 29.7 6.5 .01 .26

14 24.1 5.5 .025 .97

16 10.7 4.5 .05 2.80

18 2.1 1.5 .08 5.04

20 3 .0 .10 7.90

regime that solves problem 2. This makes economic sense, since the dynamic
formulation is not constrained to achieve a steady state in any future time period.
Thus, the profitability of uneven-aged management should be measured by the
PNW of the optimal transition and equilibrium management regime found by
solving problem 1.

SoLUTION PROCEDURE FOR DYNAMIC OPTIMIZATION

In the analysis presented above, the dynamic optimization formulation and the
marginal production rules for optimal transition and equilibrium harvesting were
used to point out the limitations of investment-efficient stand structures that solve
the traditional static optimization problem. In this section I develop an algorithm
for solving the dynamic harvesting problem that improves the unconstrained
nonlinear programming approach used by Haight and others (1985).

Haight and others (1985) used a gradient-based procedure called the method of
steepest descent. The algorithm starts with an initial guess of the control variable
values and seeks to improve the objective function value by successive approx-
imations of the control variables. Each approximation is found by moving in the
direction of the gradient, and the process terminates when improvements are less
than a set tolerance. The solution obtained at termination is an approximation
to a stationary point that satisfies Kuhn-Tucker conditions for optimality.

Haight and others (1985) developed optimal management regimes with 5-year
cutting cycles over a 150-year time horizon, with the assumption that all remaining
trees were harvested at the end of the time horizon. For time horizons 150 years
or longer and a 4 percent discount rate, the discounted value of the terminal
diameter distribution was so small that it had no effect on the determination of
the control variable values in earlier periods.

The discount factors for distant-period harvests did affect the ability of the
gradient method to reach stationary solutions. Because the marginal values of
distant-period control variables were much smaller than the termination criterion,
the algorithm terminated before reaching a stationary point. As a result, final
solutions for distant-period control variables were sensitive to values initially
given to the control variables. Nevertheless, the gradient method produced stable
solutions for the first several periods.

In order to obtain stationary solutions for transition and equilibrium manage-
ment regimes, I have developed an algorithm that takes advantage of the stability
of the first-period solution and the sequential nature of the problem. The method
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TABLE 2. Management regime 1 (PNW = $171.29/acre).

Diameter class midpoint (inches) Totals
Year 6 8 10 12 14 16 18 20 Trees Ft2 $
Trees per acre cut
0 698 376 0.0 0.0 0.0 05 06 03 108.9 29.3 13.7
5 4.1 .0 .0 0 .0 28 3.5 9 11.4 13.0 332
10 34 .0 .0 .0 .0 29 39 .9 11.2 13.7 355
15 1.2 .0 .0 .0 .0 1.7 4.1 .9 8.0 120 334
20 .0 .0 .0 .0 .0 6 48 1.1 6.6 119  35.1
25 .0 .0 .0 .0 .0 0 53 11 64 119 359
30 .0 .0 .0 .0 .0 0 59 13 7.2 134 405
35 .0 .0 .0 .0 .0 0 55 13 6.8 12.7  38.5
40 .0 .0 .0 .0 .0 0 51 1.5 6.7 12.5 38.3
45 .0 .0 .0 .0 0 0 40 1.7 5.7 109 339
50 .0 .0 .0 .0 .0 0 35 20 5.6 10.7 339
55 0 .0 .0 .0 .0 0 28 20 4.8 9.4  30.1
60 8.7 .0 .0 .0 .0 0 22 20 13.0 104 27.7
65 10.2 .0 0 .0 .0 0 18 20 14.1 9.7 259
70 10.0 .0 .0 .0 .0 0 1.7 20 13.8 9.5 253
75 8.7 .0 .0 .0 .0 0 1.7 19 12.4 9.0 24.6
80 8.6 .0 .0 .0 .0 0 18 19 12.3 9.1 24.7
85 7.9 .0 .0 .0 .0 0 20 18 11.8 9.1 25.1
90 6.5 .0 .0 .0 .0 0 22 18 10.6 9.2 259
95 5.2 .0 .0 .0 .0 0 25 17 9.5 9.3 269
100 4.6 .0 .0 .0 .0 0 27 1.7 9.0 9.5 277
105 4.1 .0 .0 .0 .0 0 29 1.7 8.7 9.7 285
110 4.1 .0 .0 .0 .0 0 30 17 8.9 9.9 29.0
115 4.3 .0 .0 .0 .0 0 30 1.7 9.1 100 294
120 3.5 .0 .0 .0 .0 0 3.0 17 8.3 9.9 294
125 3.6 .0 .0 .0 .0 0 29 17 8.3 9.7 29.0
130 3.8 .0 .0 .0 .0 0 30 18 8.7 10.0  29.7
135 5.4 .0 .0 .0 .0 0 28 17 100 100 28.6
140 5.5 .0 .0 .0 .0 0 27 18 10.0 99 284
145 6.7 .0 .0 .0 .0 0 26 18 11.2 10,0 28.1
150 4.8 .0 .0 .0 .0 0 26 1.8 9.3 96 279
Residual trees per acre

0 0.0 11.6 375 29.7 24.1 10.1 1.5 .0 1147  90.5 75.1
5 5.7 7.5 282 297 241 11.4 1.5 .0 1084 87.0 76.9
10 10.0 6.4 206 272 242 12.1 1.6 .0 1024 826 77.6
15 15.1 6.8 15.1 233 235 13.8 1.8 .0 99.7 79.7 81.1
20 200 8.3 11.5 19.2 218 156 1.9 .0 98.6 769 83.5
25 239 10.4 9.7 154 19.4 16.7 2.2 .0 98.1 740 85.0
30 271 12.8 9.1 12.4 16.7 16.6 2.2 .0 973 69.7 814
35 30.2 15.2 9.5 10.4 14.0 155 2.6 .0 97.7 66.1 77.8
40 333 17.5 10.4 9.3 11.7 139 29 0 99.2 628 724
45 36.7 19.8 11.6 9.0 10.0 12.1 34 .0 102.8 613 69.0
50 403 221 13.1 9.2 8.9 104 34 .0 107.6 60.2 63.8
55 442 245 14.6 9.8 8.3 9.0 35 .0 1142 60.8 60.6
60 396 27.1 16.3 10.6 8.2 8.1 3.5 .0 113.6 61.0 58.7
65 344 278 18.0 11.7 8.5 76 3.5 .0 111.7 61.5 579
70 303 27.1 19.3 12.8 9.1 74 34 .0 109.6 622 57.6
75 279 256 19.9 13.9 9.8 7.5 33 .0 108.3 63.2 583
80 258 24.1 20.0 14.8 10.6 79 3.2 .0 106.5 64.1 59.5
85 243 225 19.6 15.3 11.3 8.4 3.1 .0 104.7 648 61.1
90 240 21.1 18.9 15.5 11.9 8.9 3.0 .0 103.6 653 62.6
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TABLE 2. Continued.

Diameter class midpoint (inches) Totals
Year 6 8 10 12 14 16 18 Trees Ft? $

95 249 20.1 18.0 154 123 9.5 29 103.3 656 63.9
100 259 19.6 17.2 15.1 12.5 99 29 103.4 65.7 649
105 27.2 195 165 14.6 125 102 29 103.7 65.6 656
110 281 19.7 16.1 14.1 124 104 29 103.9 654 658
115 287 20.1 15.8 13.7 121 104 3.0 104.1 649  65.7
120 30.1 205 158 133 11.8 103 3.0 105.1 64.7 65.4
125 313 21.1 159 13.1 11.5 10.2 3.1 106.4 646 65.2
130 322 218 16.1 13.0 11.2 100 3.0 1075 644 64.1
135 315 224 164 130 111 9.7 3.1 107.6 643  63.7
140 311 227 168 13.1 11.0 9.6 3.1 1076 643 633
145 295 228 17.2 133 109 94 3.1 106.5 64.1 63.0
150 301 225 174 136 110 94 3. 107.3 644 628
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uses repeated application of the gradient method described by Haight and others
(1985).

In equation (1.6) I defined the optimal value function 7/*(X;,, . .., X, as the
discounted value of the optimal sequence of selection harvests in periods i to co
when starting period i/ in state X}, ..., Xj,,. Using equation (1.6), the optimal
value function for period O is as follows:

To* = |:2 (XOJ SOj)Pj + Tl*(SOI +ﬁ)1a coe s Sonr +ﬁ)M):| (4-1)
{501 ,,,,, SOM
subject to, forj=1,..., M,
Soj =0
XOj - SOj = 0
Xo;-

The gradient method can be used to find a stationary solution S,,*, ..., Sou™
.to the constrained maximization problem defined by (4.1) for a finite-period time
horizon (V) 150 years or longer. Using Sq,*, . . ., Soa™, We can write the optimal
-value function for period 1:

Xy — SYP; ‘
* = j Aing ¥ A ¥ Sl | Xx*
T*=  Max [2 G+ TSy +fineee s Sua +f1M)] “.2)
subject to, for j=1,..., M,

le - Slj = 0

le = Soj'* + ﬁ)j(Sm*, ey Soa®).

A stationary solution S,,*, . .., S;»”* to the constrained optimization problem
defined by (4.2) can be obtained by multiplying each side of the objective function
by the constant (1 + r) and applying the gradient method for an N-period time
horizon. Multiplication of the objective function by (1 + rY shifts the discount
factors back one period and allows the use of the same termination criterion.
Repeating this process for a predetermined number of periods (L) gives a sta-
tionary solution for the L-period management regime.
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Ficure 1. Residual diameter distributions for equilibrium harvest determined with (g¢) dynamic and
(b) static optimization. Equilibrium structures were determined with the same initial stand structure,
stumpage value, and interest rate.

The algorithm is summarized as follows:

1. Set the number of periods in the planning horizon equal to L and the current
period (K) equal to 0. To operate the gradient method, specify the number
of periods in the time horizon (N) and the termination criterion. To start
the gradient method in period O, specify the initial diameter distribution
and the starting values for the control variables.

2. Solve the N-period control problem using the gradient method. Save the
control variable values for period 0 and the vector of state variables for
period 1 from this solution.

3. IfK < L, replace K by K + 1 and set the initial diameter distribution equal
to the vector of state variables that were saved in step 2. Reset the starting
values for the control variables and go to step 2. If K = L, stop. The optimal
control sequence for an L-period management regime has been determined.

I demonstrate this algorithm with a whole-stand/diameter-class simulator for
mixed hardwood stands in Wisconsin. The simulator has been incorporated into
static optimization algorithms (Adams and Ek 1974, Adams 1976, Martin 1982)
and a dynamic optimization program (Haight and others 1985). The simulator
includes nonlinear functions f; for the change in number of trees per acre in a 2-
inch diameter class j during a 5-year growth period i. Growth function arguments
are the residual stand structure at the start of the growth period. The smallest
diameter class is 6 inches.

The algorithm applies the gradient method in each period of an L-period time
horizon. This method requires (1) predetermined values for the number of periods
(N) over which the gradient method will be applied and (2) the termination
criterion, which is the minimum acceptable improvement in the objective function
value used to obtain the next approximation of the control variable values.

After sensitivity analysis, I set the time horizon equal to 31 5-year periods and
the termination criterion equal to $0.01/acre PNW. With these parameters, the
algorithm produced stable solutions for transition and equilibrium management
regimes. Management regimes developed with random values given to control
variables varied by less than 1 tree per acre per diameter class in residual diameter
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TABLE 3. Dynamically and statically determined steady-state residual diameter
distributions and harvests (5-year cutting cycle).

Diameter

1 Dynamic equilibrium Investment-efficient
class diameter distribution diameter distribution
midpoint
(inches) Residual Cut Residual Cut
Trees/acre
6 29.7 5.2 68.5 1.4
8 22.5 .0 49.3 0
10 17.4 .0 375 .0
12 13.6 .0 29.7 .0
14 110 .0 24.1 .0
16 9.4 .0 4.2 6.5
18 3.1 2.6 ) 1.6
20 .0 1.8 .0 3
Value of residual
($/acre) 62.8 60.0
Value of harvest
($/acre) 27.9 29.1
Land expectation
value, LEV ($/acre) 66.0 74.3

distributions over a 31-period time horizon. Increasing the number of periods
(N) and reducing the termination criterion did not change the solutions but in-
creased execution times. Execution times for the examples in the next sections
varied between 1 and 3 hours on an IBM PC-XT microcomputer.

COMPARISON OF DYNAMIC AND STATIC HARVEST REGIMES

Adams (1976) used static optimization to develop investment-efficient diameter
distributions for hardwood stands (site index 60) managed with 5-year cutting
cycles. He used a stumpage value function that assigned a constant price per cubic
foot for trees between 6 and 12 inches in diameter at breast height and a rapidly
increasing price for larger trees. Each distribution was constrained to a predeter-
mined value of residual growing stock. Because of limits on the data base from
which the simulator was constructed, the maximum diameter of residual trees
was 18 inches.

For comparison, I use the dynamic optimization algorithm presented here to
develop two management regimes for a hardwood stand, site index 60. The regimes
are developed to maximize the PNW of selection harvests taken on a 5-year
cutting cycle over a 150-year time horizon. The value of the terminal diameter
distribution is not included in the objective function. I use the same stumpage
value function (Table 1) and a 4 percent real interest rate.

The initial diameter distribution fc - management regime 1 is the pre-harvest
investment-efficient diameter distribation, which has a marginal value growth of
4 percent (Adams 1976). Management regime 2 is developed for an initial diameter
distribution with fewer trees in each diameter class.

Management regime 1 exhibits a pulse-transition harvest pattern during the
first 55 years (Table 2). All of the 6-inch and 76 percent of the 8-inch trees are
cut at the start. In the remaining periods, trees are harvested primarily from the
two largest and most valuable diameter classes. Except for the first period, harvest
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TABLE 4. Management regime 2 (PNW = $82.03/acre).

Diameter class midpoint (inches) Totals
Year 6 8 10 12 14 16 18 20 Trees Ft? $
Trees per acre cut
0 0.0 0.0 0.0 0.0 0.0 0.0 00 00 0.0 0.0 0.0
5 .0 .0 0 .0 .0 .0 0 10 1.0 2.2 8.2
10 .0 .0 .0 .0 .0 .0 0 19 1.9 4.1 15.0
15 .0 .0 .0 .0 .0 .0 0 22 2.2 4.8 17.5
20 .0 .0 .0 .0 .0 .0 0 23 2.3 5.0 18.4
25 .0 .0 .0 .0 .0 .0 .0 23 2.3 5.1 18.7
30 2.1 .0 .0 .0 .0 0 1 24 4.6 5.8 19.7
35 16.5 .0 .0 .0 .0 .0 4 23 19.2 9.0 21.2
40 16.8 .0 .0 .0 .0 .0 6 22 19.6 9.1 21.1
45 15.7 .0 .0 .0 .0 .0 8 21 18.6 9.2 215
50 9.0 .0 .0 .0 .0 0 12 20 12.2 83 223
55 8.6 .0 .0 .0 .0 0 16 18 12.1 8.6 234
60 6.6 0 .0 .0 .0 0 20 17 10.5 8.8 246
65 5.4 .0 .0 .0 .0 0 24 17 9.6 9.1 26.1
70 3.6 .0 .0 .0 .0 0 28 16 8.1 9.3 275
75 4.3 .0 .0 .0 .0 0 30 1.6 9.0 9.8 286
80 2.7 .0 .0 .0 .0 0 32 16 7.7 10.0 29.8
85 3.0 .0 .0 .0 .0 0 33 16 8.1 10.1 30.2
90 38 .0 .0 .0 .0 0 33 17 8.8 10.3 304
95 2.4 .0 .0 .0 .0 0 32 17 7.4 10.0  30.2
100 4.2 .0 .0 .0 .0 0 3.1 1.7 9.1 10.1 29.8
105 5.4 .0 .0 .0 .0 0 29 18 10.2 10.2  29.2
110 5.2 .0 .0 .0 .0 0 27 18 9.9 9.9 28.6
115 5.7 .0 .0 .0 .0 0 26 18 10.2 9.8 28.2
120 5.5 .0 0 .0 .0 0 26 1.8 9.9 9.6 278
125 6.4 .0 0 .0 .0 0 25 1.8 10.7 9.7 275
130 6.8 0 .0 .0 .0 0 25 18 11.1 9.8 274
135 5.4 0 .0 .0 .0 0 25 1.8 9.8 9.5 274
140 5.8 .0 .0 .0 .0 0 26 17 10.2 9.6 27.6
145 5.5 .0 .0 .0 .0 0 26 1.7 10.0 9.7 27.7
150 5.4 .0 .0 .0 .0 0 27 1.7 9.9 9.8 28.0
Residual trees per acre

0 15.0 11.5 8.5 6.5 5.5 4.5 1.5 .0 53.0 315 304
5 24.3 11.4 8.7 6.7 5.4 46 3.0 .0 644 364 388
10 319 13.8 8.9 6.9 5.5 46 3.6 .0 75.5 403 427
15 38.7 17.3 9.7 7.1 5.7 47 3.8 .0 87.3 441 45.2
20 451 21.1 11.3 7.5 5.8 48 40 .0 99.8 484 473
25 509 25.1 13.3 8.2 6.0 49 4.1 .0 112.8 532 495
30 540 290 15.7 9.3 6.4 50 4.0 .0 123.8 57.8 51.2
35 424 324 18.2 10.7 7.1 53 3.8 .0 120.0 59.7 519
40 31.8 320 20.7 12.3 7.9 56 3.6 .0 1142 613 533
45 233 294 222 14.1 9.0 6.2 34 .0 107.8 624 55.0
50 222 256 224 15.6 10.2 69 32 .0 106.3 64.1 57.2
55 21.0 227 216 16.6 11.4 7.7 3.0 .0 104.2 653 59.6
60 213 204 20.2 16.9 12.4 8.6 29 .0 103.0 66.2 62.1
65 22.3 19.0 18.7 16.7 13.1 9.5 28 .0 102.3 66.7 643
70 24.6 18.2 17.3 16.1 134 102 2.8 .0 102.8 66.9 66.0
75 25.6 18.2 16.2 15.3 13.4 10.7 2.8 .0 102.5 66.7 67.2
80 279 18.5 15.5 14.4 13.1 11.0 2.8 .0 103.5 66.2 67.5
85 29.6 19.2 15.2 13.7 12.6 110 29 .0 1044 657 673
90 303 20.1 15.1 13.1 12.1 10.8 29 .0 104.8 65.0 66.6
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TABLE 4. Continued.

Diameter class midpoint (inches) Totals
Year 6 8 10 12 14 16 18 Trees Ft2 $

95 325 208 153 128 116 106 3.0 106.8 64.7 65.7
100 328 219 157 126 11.2 102 3.0 107.6 643 64.7
105 319 226 162 127 109 9.9 31 107.5 64.0 63.8
110 316 23.0 167 128 10.7 9.6 3.1 1078 64.0 63.1
115 31.0 23.1 172 13.1 10.7 9.3 31 107.8 640 62.6
120 307 23.1 175 134 108 9.2 3.1 108.1 643 624
125 296 23.0 17.7 13.7 11.0 92 3.1 107.5 644 624
130 283 227 178 140 11.1 9.2 3.0 106.4 645 62.6
135 284 222 17.8 141 11.3 93 3.0 106.4 648 629
140 281 21.8 176 142 115 94 3.0 1060 650 63.3
145 280 21.5 174 142 116 9.6 3.0 105.7 65.1 638
150 28.0 215 17.2 142 117 9.7 3.0 105.3 650 64.0
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values vary between $30.1 and $40.5 per acre. The pulse-transition is nearly the
same as the harvest pattern presented by Haight and others (1985) for the same
initial diameter distribution.

Downward-sloping diameter distributions are maintained between years 60 and
150. Harvests take place in the 6-, 18-, and 20-inch diameter classes. By year
135, harvests stabilize so that during the last four periods residual diameter
distributions differ by fewer than 1.0 tree per acre per diameter class for all but
the 6-inch diameter class.

In part 3, I found that the PNW of a management regime developed with
dynamic optimization will be greater than the PNW of an equilibrium manage-
ment regime developed with static analysis for the same initial stand structure.
In this example, the PNW of management regime 1 ($171.29/acre) is 5.1 percent
greater than the PNW of equilibrium harvests taken on a 5-year cycle for 150
years from the initial investment-efficient diameter distribution ($163.05/acre).

I also applied the dynamic optimization algorithm using investment-efficient
diameter distributions given by Martin (1982) as initial stand conditions. The
resulting management regimes, which were developed using the corresponding
stumpage value functions, interest rates, and cutting-cycle lengths given by Martin
(1982), improved PNW by 30 to 50 percent relative to the PNW of the corre-
sponding static equilibrium management regimes.

I also determined in part 3 that dynamically determined management regimes
do not converge to steady-state stand structures determined with static analysis.
In management regime 1, the residual diameter distribution at year 150 is essen-
tially a steady state. This distribution has a flatter shape (Fig. 1) and a 4.7 percent
higher growing-stock value than the investment-efficient distribution (Table 3).
The value of harvests taken from the dynamically determined steady state is 4.1
percent less than the value growth from the investment-efficient stand structure.
As a result, the LEV of the dynamic equilibrium management regime is 11.1
percent less than the LEV of the statically determined regime.

Management regime 2, in which the initial stand structure includes fewer trees
in each diameter class relative to the steady state found in regime 1, demonstrates
that the dynamically determined steady state is independent of the initial stand
structure (Table 4). During the first 25 years, harvests take trees from the 20-inch
diameter class only, while the numbers of trees in the remaining classes increase.
Between years 30 and 55, a weak pulselike harvest pattern takes place, with large
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TABLE 5. Management regime 3 (PNW = $169.41/acre).

Diameter class midpoint (inches) Totals
Year 6 8 10 12 14 16 18 20 Trees Ft2 $

Trees per acre cut

0 698 340 0.0 0.0 0.0 37 21 03 110.1 353 300
10 8.9 .0 .0 .0 .0 65 68 1.7 240 26.7 66.7
20 3 .0 .0 .0 .0 53 719 22 15.8 264 727
30 0 .0 .0 .0 .0 1.0 85 27 123 225 676
40 0 .0 .0 .0 .0 0 93 34 127 239 741
50 0 .0 .0 .0 .0 0 84 33 11.7 222  69.0
60 84 .0 .0 .0 .0 0 67 28 18.1 199 57.1
70 217 .0 .0 .0 .0 0 57 24 29.8 19.6 48.6
80 21.2 .0 .0 .0 .0 0 54 22 28.9 18.7 46.0
90 16.0 .0 .0 .0 .0 0 58 22 242 185 483

100 7.4 .0 .0 .0 .0 0 65 24 16.4 18.4 529
110 6.7 .0 .0 .0 .0 0 71 27 16.5 19.7 573
120 7.6 .0 .0 .0 .0 0 73 28 17.8 206 59.6
130 84 .0 .0 .0 .0 0 72 28 18.5 206 59.2
140 10.2 .0 .0 .0 .0 0 69 27 198 202 570
150 11.9 .0 .0 .0 .0 0 66 26 21.2  19.8 548

Residual trees per acre

0 0 152 375 297 241 6.9
10 8.2 9.3 220 275 242 9.1
20 200 9.3 131 201 220 11.0
30 279 135 102 135 173 143
40 340 182 111 10.2 125 135
50 40.7 229 136 9.8 9.6 10.8
60 404 278 168 11.2 8.8 8.6
70 288 303 198 133 9.5 19
80 206 274 213 154 109 8.3
90 183 229 203 165 124 9.3

100 238 198 18.1 16.2 132 104
110 274  20.1 164 149 13.1 11.0
120 290 215 160 138 124 109
130 299 228 16.5 134 11.6 105
140 294 239 172 135 113 9.9
150 279 242 179 139 113 9.6

113.5 845 588
100.5 772 616

95.9 69.2 61.7

97.0 650 648

99.9 59.6 582
107.7 56.6  48.7
1138 572 432
1099 58.8 427
1042 60.7 454
100.0 62.1  49.2
101.6 629 524
103.1 626 53.6
1039 61.5 526
1049 60.5 50.7
105.5 60.2 49.1
105.1 60.3 485
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numbers of trees cut from the 6-inch diameter class and small but increasing
numbers of trees harvested from the 18-inch class. Downward-sloping diameter
distributions are maintained for the remainder of the time horizon. The residual
stand structure at year 150 is nearly stable and differs by fewer than 1 tree per
acre per diameter class in all but the 6-inch diameter class from the steady-state
structure in regime 1.

CUTTING-CYCLE ANALYSIS

The dynamic optimization algorithm is easily expanded to analyze cutting cycles
that are multiples of the 5-year projection interval. This is accomplished by
constraining X;; — S; =0forj=1,..., M in periods when no harvest is desired.

Management regime 3 (Table 5) is developed for the same initial stand structure,
stumpage value function, and interest rate as management regime 1; however,
the cutting cycle is 10 years. Harvesting takes place in two pulse cycles during the
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first 90 years, with downward-sloping diameter distributions maintained there-
after. In contrast to management regime 1, the maximum diameter of residual
trees is 16 inches and harvest values vary between $46.0 and $75.0 per acre.

Buongiorno and Michie (1980) demonstrated the importance of fixed entry
costs in determining the economic cutting cycle. A break-even analysis with fixed
entry costs can be used to compare the PNW of regimes with different cutting
cycles. Similar to the results for thinning in even-aged stands (Brodie and others
1978), a fixed entry cost for selection harvests on a given cycle lowers the PNW,
leaving the management regime unchanged. With no fixed entry cost, the PNW
of management regime 1 exceeds the PNW of regime 3 by 1.1 percent. An entry
cost of $0.75/acre would equate the values of the two management regimes. A
similar comparison showed that an entry cost of $2.37/acre would be necessary
for a 15-year cutting cycle to be optimal. In general, higher entry costs favor
extended cutting cycles.

SUMMARY AND CONCLUSIONS

I have presented the marginal production rules and a computational solution
method for the optimal transition and equilibrium management regimes for an
uneven-aged stand. Comparing the production rules for a dynamic equilibrium
stand structure with marginal production rules for the steady state determined
with static optimization shows that solutions to the two problems will differ. Also,
the PNW of the optimal transition and steady-state management regime will be
greater than the PNW of the static equilibrium regime. Thus, for the diameter
distribution model of uneven-aged management, maximization of LEV with the
Faustmann equation is not the correct criterion for determining the optimal steady-
state stand structure.

The solution method is the first to allow the simultaneous determination of
optimal stand-specific transition and equilibrium management regimes. Numer-
ical results show that while the steady-state solution is independent of the initial
stand structure, the length and harvest pattern of the transition regime is not.
Thus, generalizations about the relative profitability of uneven-aged and even-
aged management cannot be made on the basis of steady-state management re-
gimes alone, but must include the value of the stand-specific transition regime.

It would be very interesting to apply the solution method presented here to a
simulator that projects growth and yield for both even-aged and uneven-aged
stands. Then we could observe the effects of the initial stand structure and the
timing and cost of regeneration on the relative profitability of the two fundamental
management systems.
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APPENDIX

The marginal production rules and shadow price definitions for equilibrium har-
vest regimes in dynamic and static optimization problems are shown below.

Problem 1: Dynamic Optimization

M
P, + v, * of; P, v,*
})j_uij*_kvij:z_k_viﬁ J _ 4 i
o a+naes;, A+r (A+r
where
u,* = the increase in PNW that would result from having one less unit of

growing stock in diameter class j in the residual stand
v,* = the increase in PNW that would result from having one more unit of
growing stock in diameter class j in the residual stand.

Problem 2: Static Optimization
MPk+bk*aﬁ)k+ P o*

. —a* * =
B gt Ry as, A A+

where

x 3
Ll_:_L = the increase in PN'W that would result from having one less
[ +r)—1] unit of growing stock in diameter class j in the residual stand

*
—Lt— = the increase in PN'W that would result from having one more
[+ -1 unit of growing stock in diameter class j in the residual stand

¢* = the increase in PNW that would result from having one more
unit of growing stock in diameter class j in the residual stand.
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